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A geometric permutation is the pair of permutations formed by a common transversal for a 
finite family of disjoint convex sets in the plane. 
It is shown that if ~ is a family of n convex and pairwise disjoint segments in the plane then 
the number of geometric permutations formed by all common transversals of sd cannot be more 
than n. 
1. Introduction 
Let ~ ={A1, . . . ,An}  be a family of n pairwise disjoint convex sets in the plane. 
A common transversal for ~ is a straight line meeting each of the sets. 
Since the sets are disjoint and convex a common transversal meets the sets in a 
definite order, up to reversal, and therefore determines a permutation and its 
'reverse'. Such a permutation and its 'reverse' are called a geometric permutation 
or a G.P. for short. 
Let ~,~ denote the family of all geometric permutations of ~.  We wish to study 
~.,, or equivalently, the essentially different common transversals of ~.  It will be 
assumed that ~¢ admits a common transversal so that ~ ~ ~. 
(il, . /~) denotes the permutation (.x.~...,~ * .  , MLl|2~...itn], a geometric permutation will 
usually be represented by one of its two permutations and sometimes 
(Ai l , - - . ,  A~) will be represented by ( i l , . . . ,  i~). 
Geometric permutations have been studied in [51. By their definition they are 
related to common transversals. For some of the known results on common 
transversals consult [1], [21, [41 and 171. For properties of convex sets consult 131 
or I6]. 
It will be assumed throughout that the members of ~ are compact. Note that 
no new families ~,, are obtained by relaxing thi~ restriction. 
Let f(n) be the maximal integer f such that there exists a family s~ of n 
pairwise disjoint convex sets in the plane with I~,[ = f. 
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We will give estimates for f(n) and for the related f's when s~ is restricted to 
families of segments. 
Figure 1 shows that for ditterent families ~ of 3 convex sets ~ can have one 
geometric permutation or 2 or 3. Figure 2 shows a family s~ of 4 triangles with 
I~[  =6. It follows that f(3) = 3 and f(4)I>6. The bounds on f(n) given in [5] are 
n-  l <~f(n)<~(~). 
We improve the lower bound to 2n-2  and reprove the upper bound in a 
simpler manner. 
Theorem 1. 2n-2<~f(n)~(22) for n >~4. 
(It now follows that f(4) = 6 and 8 ---<f(5)--- < 10.) 
The case of segments in the plane is definitely fixed by 
Theorem 2. For a family s~ of n disjoint segments in the plane I~1 <~ n. For n >t 3 
there exists a family of n disjoint segments with = n. 
Section 2 deals with the lower bounds and the upper bound of Theorem 1. 
Section 3 involves some definitions and observations to be used in proving the 
upper bound of Theorem 2. 
The proof of the upper bound of Theorem 2 is given in Section 4. Related 
results and open problems are presented in Section 5. 
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2. Lower bounds and upper bound for Theorem 1 
The lower bounds: See Fig. 3 for / (5)  >~ 8. For any other n >13 use a construc- 
tion similar to Fig. 3 with n -  2 parallel segments A x , . . . ,  A,_2 and two discs A~ 
and Ay resulting in 2n-2  geometric permutations: 
(x, 1, 2 , . . . ,  n -2 ,  y) (y, 1, 2 , . . . ,  n -2 ,  x) 
(1, x, 2 , . . . ,  n -2 ,  y) (1, y, 2 , . . . ,  n "2 ,  x) 
(1, 2 , . . . ,  n -2 ,  x, y) (1, 2 , . . . ,  n -2 ,  y, x) 
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1 23xy 123yx 
12x.3y ~ / /2y3x 
1 x23y ~ /1y23x 
x123y,. ~ /y123x 
A1 
A2 
A x ~ Ay 
Fig. 3. 
A family ~ of 5 segments with ~ >I 5 is illustrated in Fig. 4. This example is 
based on a construction which replaces n(~3) segments which determine k(~2) 
G.P.'s via k + 1 lines through the origin by n + 1 segments determining k + 1 
G.P.'s via k + 1 lines through the origin. Thus, starting with 3 disjoint segments 
which determine 3 G.P.'s by 3 lines through the origin and adding segments using 
the construction one obtains n disjoint segments determining at least n G.P.'s as 
desired. 
The construction: Let (Pl = (1, 2, 3 , . . . ,  n), P2,. • -, 1~) be k (32) permutations 
belonging to di~erent G.P.'s determined by k common transversals, l l , . . . ,  lk 
respectively, of the family ~ ={A~, . . . ,  An} of n(~3) cli~joint segments and such 
that each ~ (i ~ i ~ k) contains the origin. 
Replace each A~. by a slightly longer segment A~ which contains A~. in its 
interior and such that the A~'s are still disjoint. The lines ~ met A ~, . . . ,  A~ in the 
order R and l~ intersects each of the A~'s at an interior point. Rotate Iz about the 
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origin by a small angle 0 (0 <½or) such that the line obtained 10 intersects the A'i's 
in the order Pl. The angle 0 is so chosen that none of the lines 12,... ,  Ik is 
contained in the union of the acute quadrants formed by 11 and lo. Let D be a 
dosed disc centered at the origin that contains A~, A~, . . . ,  A ' .  Let a and b be 
two points on lo and ll respectively such that the segment A~ with endpoints a
and b crosses an obtuse quadrant determined by lo and It and does not intersect 
the disc D. 
The lines 10, lx , . . . ,  lk are common transversals through the origin for the 
iF l 
54123 
A3 
Fig. 4. 
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-{Ao , . .  A~} of disjoint segments. The lines lo and ll intersect sO' in family ~¢'-  ' ., 
the orders p~=(0 ,1 ,2 ,3 , . . . ,n )  and p[=(1 ,2 , . . . ,n ,  0). (Since n~>2 the two 
permutations belong to distinct G.P.'s.) The lines ~ meet ~t' in the order P'i 
(2 ~< i <~ n ) where Pi = P[ \ A ~ (pi is obtained from p'i by deleting A ~). The permuta- 
tions p~, p [ , . . . ,  p" belong to distinct G.P.'s of ~ '  as desired. 
Upper bound for Theorem 1. For a given pair {A, B} of disjoint convex compact 
sets in the plane, let L(A, B)= L(B, A) denote the two straight lines L1 and L2 
such that ~ separates A from B and touches both A and B; see Fig. 5. 
For each geometric permutation p of ~,, there are two extreme common 
transversals which determine p. These lines are extreme in the sense that the 
angle which they form with a fixed axis is maximal, or minimal, relative to all the 
other common transversals which determine p. It is easy to check that each of 
these extreme lines is one of the two lines of L(A~, Aj), i~ j for a suitable pair 
(A, Aj . 
Different permutations obviously have different extreme lines. The number of 
lines in all the L(A~., Aj) is at most 2(~) so that 
3. l)ermltions and observations 
3.1. Delinitions 
Segment A penetrates se~mem B if the line determined by A intersects B. The 
notation used will be A ~ B, and A-X¢ B denotes that A does not penetrate B. 
Clearly if A ~ B then B-~¢ A. 
Let ll and 12 be directed lines intersecting at O. Let l? (l~) denote the part of 
before O (after O) for i = 1, 2. The even quadrants (of Ix; 12) are the ones 
determined by 17 and 12 (second quadrant) and the one determined by l~ and l~ 
(fourth quadrant). The odd quadrants are defined similarly, see Fig. 6. 
A set crosses a quadrant if it intersects both the half lines bounding it. 
If a set crosses a quadrant but does not contain O then it strictly crosses that 
quadrant. 
Fig. 5. 
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Fig. 6. 
If a translate of A contains O and is contained in the union of the even 
quadrants (union of odd quadrants) then that set A shall be called even (odd) with 
respect o (lx, 12). 
Note that if A is a segment and strictly crosses an odd (even) quadrant hen A 
is even (odd). 
3.2. Observations 
The following observations are essential to the proof of Theorem 2. To show 
that they hold is straightforward but tedious. 
Observation 1. Parallel common transversals ~ and 12 determine the same G.P. If 
two directed intersecting common transversals 11 and 12 of ~ determine the same 
permutation of .d then all members of ~ with the exception of at most one, say 
A, cross even quadrants and A may cross an odd quadrant as in Fig. 7 (up to 
relabeling of 11 and l~. 
If .A = Ag  intersects l~ and l~ then for any j < m, A N l~ is between O and 
A~ f'l l~ ~ and for any j>  m, ft. f3 IF is between O and A~ f3 l~. 
Note that Observation I is due to the fact that if each of the disjoint convex sets 
A and B intersects both the directed lines 11 and 12 and if both A and B intersect 
even quadrants (odd quadrants) of (11, 12) then they both appear in the same order 
(in different order) in 11 and in 12. 
Ai 1 A i Ai n 
1 ~ " 2  Aik A. - -  Az /% / 
J2 
Fig. 7. 
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12 
Fig. 8. 
Observation 2. If the directed and intersecting lines lx and 12 determine the same 
permutation of ~,  if ~/ is  a family of se.muents and if A ~.d is even with respect 
to (l~,/2) then A --~X for any Xe  ~\{A}. 
Observation 3. For a segment A it is imposs~le to have two translates ,A and ,A 
of A such that one of them strictly crosses an even quadrant and the other strictly 
crosses an odd quadrant. See Fig. 8. It is also impossible that A will be both odd 
and even, unless A is parallel to 11 or to 12. 
Observation 4. If the directed lines l~, l~ meeting at O i determine the same 
permutation pi of ~ for i = 1, i = 2, if pl and p2 are riot the same G.P., if ['~ is a 
translation of l~ (1 ~< i ~< 2, 1 ~< j ~< 2) to a fixed point O, then the intersection of the 
union of the even quadrants of (r~, r~) with the union of the even quadrants of 
(12, r 2) is the point O. See Fig. 9. 
This observation is due to the fact that ~ is not contained in the union of even 
quadrants of (i'T, r~) for m ~ k, ] = 1 or ] = 2. Otherwise, suppose without loss of 
generality that a translate l' of 12 is contained in the union of the even quadrants 
of (l~, l~). By translating l', if necessary, it follows that a translate l" of l', and 
Fig. 9. 
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1 
i 
Fig. 10. 
therefore para l le l  to 12 determines the permutation pZ of ~.  But pZ and p2 are not 
the same G.P., contradicting Observation 1; see Fig. 10. 
Note that by Observation 1, l~ and l~ intersect members of ~ as in Fig. 10. 
Observadon 5 .  Le t  sd  ={Az ,  . . . , Ak ,  . . . , Am,  . . . , A~_z ,  X}  be  n segments with 
directed lines 11 and /2 meeting at O and determining the permutations 
pz = (Az , . . . ,  Ak_l, X, Ak, .  • . ,  Am, . . . ,  A,,_z) 
and 
P2 = (A1,..  •, Ak, • •.,  A,,,, X, A~+a,. • •, A,-z) 
respectively with k ~ m. 
Case 1. If k < m, then 
(1) X- - - ->A j  for j~k -1  and for j~m+l ;  
(2) Aj --> X for all k ~ j ~< m with the exception of at most one; 
(3) X strongly crosses an odd quadrant of lz, 12. 
See Fig. 11. 
A._~ 
~1 A1 Am+ 1 I/  
~,,,,, Ak-1 
~2 Fig. 11. 
280 M. Katchalski, T. lewis, J. Zaks 
Case 2. If k = m, then 
(1) If X is even with respect o (la, 12) then X--+A~ for i-~m; 
(2) If X is not even with respect to (/1,/2) then Am strictly crosses an odd 
quadrant and Am ~ A~ for any A~ # Am and X---> Am ; 
(3) If Am'-~X then A~---~Ai for any l<~i~n-1 ,  i~m. 
See Fig. 12 for some of the possibilities of Case 2. 
In Fig. 12 (a) (1) is satisfied but (2) and (3) are not; 
in 12(b) (1) and (3) are satisfied and (2) is not; 
in 12(c) (2) and (3) are satisfied and (1) is not. 
Case 1 (3) follows from Observation 1 and the remark following it. Since 
pa\X=p2\X and pI\Aj#p2-Aj (for l<~/~<n-1):  By Observation 1 at most 
one set of ~\{S},  say A~, crosses an odd quadrant. If X crosses an even 
quadrant then each member of ~\{A~} crosses an even quadrant so that 
Pl \ A~o =P2\  A~o, a contradiction so that X strongly crosses an odd quadrant. 
If j <~ k - 1 or j >I m + 1 then A i crosses an even quadrant (Aj and X appear in 
the same order in 11 and Iz) so by Observation 2 (p l \{Ak , . . . ,A~}= 
p2\{Ak, . . . ,A~}) ,  X--->A i and Case 1 (1) is satisfied. 
For any k ~< j ~< m with the exception of at most one, A i strictly crosses an even 
quadrant and for such j, A i --~ X. (If a e X f'117, b e X N IF then either A i meets 
the segment [a, 0] or the segment [b, 01 but not both implying that the line 
through Aj meets l a, b 1 c X and Aj ~ X). 
Case 2 is similar to Case 1 noting the symmetry between X and A=. It is easy 
to check that each of A~ for i < k or i > k strictly crosses an even quadrant. If X is 
even then Case 2(1) is similar to Case 1(1). If X is not even then X crosses an 
even quadrant and Am does not so that Am strictly crosses an odd quadrant 
(otherwise ach A e M crosses an even quadrant and px = P2). Also Am ~ A~. for 
i # m as in Case 2(1) with Am and X interchanged. Assume that c e l~ e Am and 
de l~f3A~,  then X meets either [0, c] or [0, d] but not both (0, c] and (0, d] 
(which would imply X even). It follows that the line through X meets [c, d ]c  Am 
and X---, Am implying Case 2(2). 
If Am-~ X then by Case 2(2) (with X and Am interchanged). Am is even and by 
f 
I 
b 
Pig. 12. 
C 
Geometric permutations for convex sets 281 
Case 2(1) (X and Am interchanged) Am ---> Ai for l<~i<~n-1 and i~m,  so that 
Case 2(3) also holds. [] 
4. Upper bound of "l]aeorem 2 
The proof is based on 
Lemma 1. I f  ~ is a family of disjoint segments in the plane with [~[ >I 3 then there 
are at most 3 different A 's  in ~ for which 
I{p\A: p~}l< l~ l -1 .  
The proof of the upper bound of Theorem 2 from Lemma 1 is simple, using 
induction on n =[~[. For n = 1, 2, 3 there is nothing to prove since f (1)=f(2)= 
1<2 and f(3)=3. Assume that I~l=n~>4 and let A~s~ be such that 
Such an A exists by Lemma 1. Clearly ~--&~\tA} and by the induction 
h a othesis n-  1 so that 
Im l l l+ l~lm~x~A~l+ ~(n-  1)+ l=n.  [ ]  
In order to prove ]~mma i a new definition and another ]emma sh~ll be used. 
I f  ~ is a family of disjoint segments then the ordered p~z of diJ]erent se~ents 
(A, B) shall be called a strong pair if A ---> B and if B ---> X for any Xes~\{B,  A}. 
Using X---> Y implies Y-X¢ X and the definition of a strong pair it is easy to see 
that 
Lemma 2. (1) If (A, B), (A, C) and (D, B) are strong pairs then 
B=C and A=D.  
(2) There are at most 3 different strong pairs. 
(3) If 1 1> 4 then there is an A e~t such that for no Xe~\{A} (A ,X)  is a 
strong pair. 
Proof of Lemma 1. It is sufficient to show that there are at most 3 different A's in 
~t for which at least one of the two conditions below is satisfied. 
Condition 1: There are at least 3 different G.P.'s pt, P2, P2 in ~ with all 3 of 
px\A, p2\A, P3\A  forming the same G.P. in ~\~A}- 
Condition 2: There are two different G.P.'s pl and p2 in ~a\fA} and for each 
i = 1 or i = 2 two different G.P.'s p~ and p~ in ~a such that pi = p~ \ A = p~\ A. 
Note that Px, P2, P3 and pi, p~, p~ for i = 1, 2 depend on A. (p \ A denotes the 
permutation obtained by deleting A from p.) 
It will be shown that if A satisfies Condition 1 or Condition 2 then there is a B 
such that (A, B) is a strong pair. 
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The proof is completed by appealing to Lemma 2. 
Suppose that Condition 1 is satisfied and let Pt = 
(A1,. . . ,Ak_t ,X,  Ak,. . . ,A,_x) ,  pE=(A1,. . .,Az, X, AI+a,.. . ,A,_O,  p3 = 
(A1 , . . . ,A~,X ,A~+I , . . . ,A , _a )  with k<~l<m and suppose that ~ is a directed 
line which creates the permutation p~ for 1 ~< i ~<3. 
By Observation 5 Case 1 applied to 11 and 13 either Ak---> X or Am--> X. 
Assume without loss of generality that Ak --> X. If I + 1 < m then by Observation 
5 Case 1 applied to 12 and 13 X ---> Ak, a contradiction. Consequently I + 1 = m. If 
X is even relative to 12 and 13 then by Observation 5 Case 2(1) X-->Ak a 
contradiction, so X is not even and by Observation 5 Case 2(2) (X~ A) is a strong 
pair as desired. 
Suppose that Condition 2 of I.emma 1 is satisfied. Let I~ be the directed line 
creating the permutation pk, 1 <~ i ~< 2, 1 ~< k ~< 2 and suppose I~, I~ intersect at O ~. 
Translate O ~ to O and l[, to lrk as in Observation 4. The configuration is as in Fig. 
9. 
If A is even with respect o (ll, I2 t) and A is even with respect o (l~, 12 2) then a 
translate of A contains O and is contained in the union of the even quadrants of 
l'~ and lr~ for i=  1 and also for i = 2 this is possible by Observation 4 only if A 
consists of exactly one point, a contradiction. So assume without loss of generality 
that A is not even with respect o l~ and l~. Then dearly A does not strongly 
cross an odd quadrant of l~ and l~. This implies by Observation 5 that Case 2 of 
Observation 5 is satisfied (with X = A) and by (2) of Case 2 of Observation 5
there is an m such that (A, Am) is a strong pair. [] 
5. Related problems and results 
5.1. In the plane 
(1) It is easy to show, in a way similar to the proof of the upper bound for 
Theorem 1, that if all transversals of ~ pass through a fixed point then the 
number of G.P.'s is bounded from above by n = I~[ and the example giving lower 
bounds for segments hows that n = [~[ geometric permutations can be obtained 
even if all the transversals pass through a fixed point. 
(2) In Theorem 2 it was assumed that no segment degenerates to a point. If one 
of the segments i a point it is easy to see as from (1) that the number of G.P.'s is 
not more than [~[. 
(3) It is easy to show that for four disjoint convex sets {A, B, C, D} in the 
plane, if they admit a common transversal in the order (A, B, C, D) then there is 
no common transversal cutting them in the order (B, A, D, C). 
What other restrictions are added when [[P~l ~ 3? 
(4) For a family ~ of n disjoint segments define the penetration graph of ~ to 
be a simple directed graph on n vertices {1 ,2 , . . . ,  n} with i - *  ] if A~.--~ A~. 
Characterize graphs which are penetration graphs, of a family of segments. 
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(5) It may be of interest o narrow the gap between the upper and the lower 
bounds of Theorem 1. 
5.2. Regarding eometric permutations in higher dimensions 
~ is defined as before, however here M is a family of n pairwise disjoint 
convex seats in R k (k-dimensional Euclidean space). 
(6)  We can show that there exists a ck > 0 such that there exist for all positive 
n, families .~ of n convex sets in R ~ with I~]  >~ ck I 1 -1= - nk-1. No nontri- 
vial upper bounds are known for k > 2. 
(7) We do not know the largest g = g(n) such that there exists a family .~ of n 
pairwise disjoint segments in R s with I> g. 
(8) We conjecture that for any family ~ of k -1  permutations on 1 , . . . ,  n 
there exists .d in R k with ~ = ~ but k -1  cannot be replaced by k. This 
conjecture is motivated by (3). 
5.3. Motivation 
Obviously geometric permutations are closely tied to common transversals. 
Under what conditions does a family of convex sets admit a common transversal? 
A 1 
A 2 
A 3 
A, A 5 
A 
Ar 
Fig. 13. 
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Let M be a family of convex sets and suppose that, for some m < rg any m 
members of M admit a common transversal (~  has property T(m)) does it follow 
that M admits a common transversal (~¢ has property t)? 
In general the answer is no; see [4] and [7] even if sg is a family of n congruent 
segments; see Fig. 13 for such an example from [7]. Gri inbaum conjectured that 
for disjoint ranslates of an arbitrary convex set T(5) implies T, see [11 and [2]. 
Using geometric permutations we can give a partial solution to this conjecture. 
Theorem. There is a universal k such that for an arbitrary family of disjoint 
translate of a foced convex compact set, in the plane T(k) implies T. 
This result and its relation to geometric permutations will be the subject of 
another paper. 
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